We explicitly exhibit a set of four ququad-ququad orthogonal maximally entangled states that cannot be perfectly distinguished by means of local operations and classical communication. Before our work, it was unknown whether there is a set of d locally indistinguishable d ⊗ d orthogonal maximally entangled states for some positive integer d. We further show that a 2 ⊗ 2 maximally entangled state can be used to locally distinguish this set of states without being consumed, thus demonstrate a novel phenomenon of "Entanglement Discrimination Catalysis". Based on this set of states, we construct a new set K consisting of four locally indistinguishable states such that K ⊗m (with 4 m members) is locally distinguishable for some m greater than one. As an immediate application, we construct a noisy quantum channel with one sender and two receivers whose local zero-error classical capacity can achieve the full dimension of the input space but only with a multishot protocol. Introduction.-One of the main goals of quantum information theory is to understand the power and the limitation of quantum operations that can be implemented by local operations and classical communication (LOCC). These operations are natural requirements when two or more physically distant parties are trying to accomplish an information processing task. The class of LOCC operations has been playing a crucial role in a number of active researches in exploring the intrinsic properties of quantum information, especially in understanding the weird nature of quantum entanglement and quantum nonlocality.
Introduction.-One of the main goals of quantum information theory is to understand the power and the limitation of quantum operations that can be implemented by local operations and classical communication (LOCC). These operations are natural requirements when two or more physically distant parties are trying to accomplish an information processing task. The class of LOCC operations has been playing a crucial role in a number of active researches in exploring the intrinsic properties of quantum information, especially in understanding the weird nature of quantum entanglement and quantum nonlocality.
One fundamental topic among these lines of research that has recently attracted lots of attention is the local distinguishability of quantum states. In the well studied bipartite case, a state secretly chosen from a set of prespecified orthogonal quantum states is shared between two distant parties, say Alice and Bob. Their goal is to locally figure out the exact identity of this state [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In some special cases Alice and Bob are able to accomplish the discrimination without error and in many other cases they are not. For example, Walgate et al. proved that any two orthogonal pure states, no matter entangled or not, are locally perfectly distinguishable [1] . Other interesting examples include sets of orthogonal pure states that are locally indistinguishable [2, 3] . Later, Horodecki et al. showed a phenomenon of "more nonlocality with less entanglement" [4] . These examples demonstrate that entanglement is not an essential feature of locally indistinguishable states. It is thus of great interest to study the role of entanglement in the local distinguishability problem. Considerable efforts have been devoted to the local discrimination of maximally entangled states. Ghosh et al. proved that any three Bell states cannot be discriminated with certainty by LOCC [5] . In general, Alice and Bob are not able to locally distinguish d + 1 or more d ⊗ d maximally entangled states with certainty [5] [6] [7] [8] [9] . It would be quite interesting to know whether d+1 is always a tight lower bound for the number of locally indistinguishable maximally entangled states. In other words, whether there is any locally indistinguishable set consisting of d maximally entangled states in d ⊗ d state space? This question was attacked in Refs. [6] [7] [8] [9] [10] [11] , and the only known result is that in the case of d = 3, any three orthogonal maximally entangled states are locally distinguishable [6] . It has been conjectured in Ref. [11] that for d > 3 such set of states should exist by proposing four 4 ⊗ 4 maximally entangled states that are locally indistinguishable by one-way LOCC. However, the possibility of distinguishability of these states by the most general LOCC operations has not been excluded.
In this Letter we resolve the above question by explicitly exhibiting four orthogonal ququad-ququad maximally entangled states that are not locally distinguishable. Our construction is remarkably simple, by accompanying each state from the standard Bell basis (i.e., 2⊗2 maximally entangled states) with different Bell states. More precisely, our example is of the form {|Ψ 0 ⊗ |Ψ 0 ,
can distinguish among the above four orthogonal ququadququad maximally entangled states, and after the discrimination, we are still left with another two-qubit maximally entangled state. This novel phenomenon is called "Entanglement Discrimination Catalysis". It is worth noting that this phenomenon is different from the previously discovered catalysis by entanglement in the context of entanglement transformation [17] and non-local quantum operations [18] . Based on this phenomenon, we find a set K of four locally indistinguishable states such that K ⊗m consisting of an exponentially large number of states 4 m , is locally distinguishable. This indicates that local distinguishability of a set of states could be increased under tensor operation, a subtle fact previously overlooked. As an interesting application, we construct a noisy quantum channel with one classical sender and two quantum receivers whose local zero-error classical capacity can achieve the full dimension of the input space but only by using the channel multiple times. Intuitively, a noisy quantum channel could be boosted into a noiseless channel for sending classical information in the multishot scenario. The existence of such channel reveals a sharp difference between quantum channels with one receiver and those with two receivers. For quantum channel with one sender and one receiver, it was shown that entangled inputs cannot make imperfect quantum channels perfect [19] , that is, for any such quantum channel, multi-shot can never render noisy quantum channels having maximum capacity, even asymptotically; if the sender is classical, Shor proved that the classical capacity of such channel is additive [20] .
The major difficulty in proving the local indistinguishability of the set of constructed states is that the structure of LOCC operations is mathematically complicated. We conquer this obstacle by showing that even a wider class of quantum operations that completely preserve the positivity of partial transpose (PPT) cannot distinguish these states. Since the set of LOCC operations is just a subset of that of PPT operations, local indistinguishability of these states by PPT operations immediately implies that of LOCC operations. Comparing to LOCC and Separable operations, PPT operations have a simpler mathematical structure that can be feasibly characterized by Semi-Definite Programming. One motivation of studying the state discrimination by PPT operations is its significant role in entanglement theory. In fact, PPT operations have been used to study the separability, entanglement distillation, and entanglement transformation [21] [22] [23] [24] [25] [26] . It was proved that PPT criterion is a necessary condition for the separability of quantum states [21, 22] . Horodecki et al. showed that if a mixed state is distillable, it must violate the PPT criterion [23] . Ishizaka showed that bipartite pure entangled states can be transformed into another bipartite pure state with arbitrary high Schmidt rank by stochastic PPT operations [25] .
Before we present our main results, let us first review some notations and preliminaries. We shall use ϕ to represent the density operator form |ϕ ϕ| for a pure state |ϕ . We also use |Ψ i to denote the standard Bell states with
(|00 + |11 ), where σ i s are the Pauli matrices given by σ 0 = I 2 and
A Positive Operator-Valued Measure (POVM) with n outcomes is an n-tuple of operators ≥ 0 holds for 0 ≤ i ≤ n−1, where Γ A means the partial transpose with respect to system A, i.e., (|ij kl|) ΓA = |kj il|. For simplicity, Γ is used for Γ A whenever it is clear from the context. It is known that the set of LOCC POVMs is a subset of the set of PPT POVMs. In other words, any POVM that can be realized by means of an LOCC protocol is also a PPT POVM.
Let C, D, and F be three POVMs with n outcomes.
It is straightforward to verify the following useful properties concerning with the Bell diagonal bipartite operators. Proposition 1. Let M be a linear operator over 2 ⊗ 2 state space. Then 1).
Main Result.-Let A and B both be d-dimensional Hilbert spaces held by Alice and Bob, respectively. Then we can derive an upper bound on the number of PPT distinguishable orthogonal maximally entangled states. 
Now assume that a set of maximally entangled states
Then trE i ≥ d. The result of the theorem immediately follows from
The result in Theorem 1 is slightly stronger than the previous results where only separable operations were employed [6] . However, the key fact we have derived in the proof has been implicitly obtained in Refs. [7, 27] . The proof presented above seems new.
We
Theorem 2. S cannot be distinguished perfectly by any PPT POVM.
Proof:-Let M S denote the set of PPT POVMs that can distinguish S, i.e.,
We shall show that M S is nonempty will lead to a contradiction.
The complete proof is rather complicated and lengthy. For ease of presentation, we shall outline the key proof ideas as follows, and leave some technical details in the supplementary material [28] . By the nonempty assumption, we can choose C = (C i )
i=0 ∈ M S with highly symmetrical properties by exploring the convexity and symmetries of S. The form of N enables us to derive a contradiction by calculating its partial transpose directly to show that N can not distinguish S, i.e., N / ∈ M S . Thus, one can conclude that M S has to be empty. Now we start to describe how to construct the desired POVM N . We need explore some properties of M S and S.
Firstly, M S is convex, i.e., for any 0 ≤ λ ≤ 1,
Secondly, S enjoys a number of symmetries: S1. For any Pauli matrix σ and any j = 0, 1, σ Aj ⊗ σ Bj preserves |χ i in the following way, (σ Aj ⊗ σ Bj )|χ i = ±|χ i .
S2.
W A0B0 preserves |χ 0 and rotates |χ i to |χ i+1 mod 3 for i = 1, 2, 3,
S3. U A0B0 preserves |χ 0 and |χ 1 , and swaps between |χ 2 and |χ 3 ,
where
Noticing that local unitary does not change the positivity of partial transpose, we can construct a POVM N = (N i ) 3 i=0 ∈ M S by the convexity of M S and S1-S4 (j = 0, 1) such that
for i = 1, 2, and
In particular, the second equality of Eq. (2) indicates that the members of N are all diagonal in Bell basis, and Eq. (1) has further greatly restricted the form of N .
We shall obtain the required N from any POVM C ∈ M S by the following four relatively simpler steps:
Step 1: Notice that for Pauli matrix σ,
Invoking S1, the convexity of M S , and Proposition 1, we know that
and each measurement operator D i is of the form
Step 2: According to S2, one can verify that
Invoking the convexity of M S again, we have
Then we know that J 0 = W A0B0 J 0 W † A0B0 and for i = 1, 2,
Step 3:
We know that for i = 1, 2,
Step 4: Invoking S4, we obtain that
One can readily verify that N satisfies Eqs. (1) and (2) , where
The rest of the proof is to show that such N can not distinguish S, i.e., N i , N Γ i ≥ 0, N i |χ i = |χ i , N i = I and Eqs. (1,2) cannot be satisfied simultaneously. We refer the interested reader to the supplementary material for a detailed calculation [28] .
Since every LOCC POVM is also a PPT POVM, one can conclude that S is locally indistinguishable. To the best of our knowledge, this is the first example of d orthogonal d⊗d maximally entangled states that are locally indistinguishable.
Due to the special structure of S, we further observe a quite surprising "Entanglement Discrimination Catalysis" phenomenon happens on S. More precisely, with a two-qubit maximally entangled state as resource, says |Ψ 0 , we can distinguish among the members of S locally, and after the discrimination, we are still left with an intact copy of |Ψ 0 . The scheme is very simple: we use the given entanglement resource to distinguish the states of subsystem A 0 ⊗ B 0 via a teleportation protocol, then the outcome i indicates that the original state to be distinguished is just |χ i AB . After that, one can recover |Ψ 0 from the state of subsystem A 1 ⊗ B 1 : If i = 0, then the state of subsystem A 1 ⊗ B 1 is |Ψ 0 . Otherwise, the state of subsystem A 1 ⊗B 1 is |Ψ 1 , and one can obtain an exact copy of |Ψ 0 by applying σ 1 to subsystem B 1 .
It is interesting that not only catalysts help local entanglement discrimination, but also tensor operation does. We shall show that there is some locally indistinguishable set K such that for some finite m > 1, K ⊗m becomes locally distinguishable, where the tensor product S 1 ⊗ S 2 of two sets S 1 and S 2 is defined as {|s 1 ⊗ |s 2 : |s i ∈ S i }. Before presenting this set K, we shall point out an interesting property of PPT distinguishability: If a set of states is PPT indistinguishable, then sharing an entangled pure state with a sufficiently small amount of entanglement cannot make them PPT distinguishable. This property can be regarded as a direct consequence of the fact that the set of PPT POVMs with a fixed number of outcomes is a closed set. Here we provide a slightly refined statement. Suppose the optimal average success probability for distinguishing a set of bipartite orthogonal states {ρ i : 0 ≤ i ≤ n − 1} on A ⊗ B with a priori probability distribution {p 0 , · · ·, p n−1 } by PPT POVM is q where q < 1. That is,
Proof:-For any PPT POVM (E i ) n−1 i=0 , the average success probability for distinguishing {ρ i ⊗ α : 0 ≤ i ≤ n} with a prior probability distribution {p 0 , · · ·, p n−1 } is
where Q and S are rank-1 positive operators with orthogonal support such that α − β = Q − S with β = |00 00|. Thus, trQ = √ ε. One can therefore conclude that {ρ i ⊗α : 0 ≤ i ≤ n−1} cannot be distinguished by PPT POVM.
According to Theorem 2 and Lemma 1, we can choose a partially entangled state |β AB = √ 1 − δ|00 + √ δ|11 with 0 < δ < 1/2, such that K = S ⊗ {|β } is PPT indistinguishable.
Theorem 3. There exists some finite m such that K ⊗m is locally distinguishable.
Proof:-We shall see that K ⊗m = S ⊗m ⊗ {|β ⊗m } can be distinguished by the following two-step LOCC protocol, where m = ⌈− 1 log 2 (1−δ) ⌉:
Step 1: Transform |β ⊗m AB into |Ψ 0 by LOCC, which can be accomplished according to the condition for entanglement transformation between bipartite pure states [29] .
Step 2: Use |Ψ 0 to distinguish S ⊗m : For any state |χ i1 ⊗ |χ i2 ⊗ · · · ⊗ |χ im ∈ S ⊗m , by using |Ψ 0 , we can identify i 1 and get another |Ψ 0 , then identify i 2 and obtain |Ψ 0 again, etc. After identifying i 1 , i 2 · · · i m , the discrimination is finished.
The above set K has an interesting implication in studying the local zero-error classical capacity of quantum channels, where LOCC discrimination has important applications [12, 13, 30] . We can construct a channel E : {1, 2, 3, 4} → B ⊗ C with one classical sender Alice and two quantum receivers Bob and Charlie as follows: For an input 0 ≤ i ≤ 3, the output |χ i BC ⊗ |β BC is distributed between Bob and Charlie. According to Theorem 2 and Lemma 1, Bob and Charlie are not able to distinguish the output states perfectly. Thus we know that the one-shot local zero-error classical capacity of E is strictly less than log 2 4 = 2 bits. Suppose Alice now sends i 1 i 2 · · · i m , where m is chosen as in the proof of Theorem 3. We know that Bob and Charlie can identify i 1 i 2 ···i m perfectly. Thus Alice can transmit log 2 4 m = 2m bits perfectly, which means that multi-shot of E can render this noisy quantum channel to have optimal capacity.
The techniques used in the proof of Theorem 2 can be employed to study many other problems by PPT operations. For instance, we can show that 2/3|00 + 1/3|11 is the minimal entanglement resource required for distinguishing three Bell states under PPT POVM. More precisely, we have
A detailed proof of this theorem, together with other new results will be presented in a forthcoming paper.
Conclusion.-In this Letter, we present four orthogonal ququad-ququad maximally entangled states that cannot be distinguished locally. Later, the Phenomenon "Entanglement Catalyst Discrimination" is observed. Based on this result, we show that there is a set K which is locally indistinguishable, but K ⊗m can be distinguished by LOCC for some m > 1. Then we construct a classical-quantum noisy channel where multi-shot can make it noiseless in transmitting classical information. We only need to show that PPT POVM N cannot distinguish S if it enjoys that for j = 0, 1 Furthermore, we can assume that
According to Eq. (4), we have This is impossible. Thus N = (N i )
